This paper proposes a new formulation of the internal forces for hypoelastic constitutive models ensuring that the elastic work of deformation can be restored by the scheme. Moreover, we demonstrate that the work of the plastic deformation is positive and consistent with the material model.
Introduction
A new kind of integration algorithms for dynamics has recently appeared, which verifies the mechanical laws of conservation (i.e. conservation of the linear and angular momentum and of the total energy) and which remains stable in the non-linear range. The first algorithm verifying these properties was described by Simo and Tarnow [1] . This algorithm was called Energy Momentum Conserving Algorithm or EMCA. It consists in a mid-point scheme with an adequate evaluation of the internal forces, and was derived for a Saint Venant-Kirchhoff hyperelastic material. Laursen [2] generalized this approach to other hyperelastic models. His method involves resolving iteratively a new equation for each material point in order to compute the adequate Piola-Kirchhoff stress tensor. Another solution, that avoids this iterative procedure and leads to a general formulation of the Piola-Kirchhoff stress tensor, was proposed by Gonzalez [3] . The EMCA was recently extended to dynamic finite deformation plasticity by Meng and Laursen [4] .
To our knowledge, the EMCA conserving algorithm was never extended to hypoelastic materials. This paper proposes such an extension, through a new expression of the internal forces, which verifies the conservation laws. Moreover, we prove that this expression remains consistent when plastic deformations occurs. A numerical example illustrates the good accuracy of the proposed formulation.
The hypoelastic model
Let the configuration n be the configuration computed after n time steps (i.e. at time t n ). Let x n be the deformation mapping (coordinates) in the configuration n, and let x n ξ be the nodal coordinates for the node ξ . With ϕ ξ the shape function linked to node ξ , it comes (Einstein's notations are used)
The gradient of deformation (two point tensor) F between configurations m and n is indicated by F n m . The tensor f represents F −1 . This gradient tensor can be decomposed into a rotation tensor R and a symmetric deformation tensor U. The determinant of F 
The Cauchy stress tensor is evaluated in the configuration n and is referred to as n . For the hypoelastic constitutive laws, the Cauchy stress tensor is computed from a stress increment deduced from the incremental natural strain tensor. With H the Hooke fourth order tensor and with the operation H : E defined by H i jkl E kl , the final rotation scheme [5, 6] is defined by the following relation
In this relation s c , resulting from the plastic deformation, has a trace equal to zero and is given by the radial return mapping (for isotropic materials with J 2-plasticity) [6] . The scalar ε p is the equivalent plastic strain.
The energy-momentum conserving scheme

The mid-point scheme [1]
For an integration from time t n to time t n + t = t n+1 , if the variable z represents the position or the velocity, it leadṡ
The balance law for node ξ is
where M is the mass matrix, . This expression indirectly depends on the positions in configuration n + 1 (i.e. x n+1 ). The goal of this work is to evaluate the expression of the internal forces in configuration n + 1 2 for hypoelastic models. The system of Eqs. (4) and (5) is resolved iteratively.
The conservation conditions
Eq. (5) has to verify the conservation of the linear momentum:
the conservation of the angular momentum:
and the conservation of the energy [1] :
where W int and int are respectively the internal energy and the plastic dissipation. The operator ∧ denotes the vector product and the operator * denotes the scalar product.
Internal forces expression for the hypoelastic model
Let D be the derivative of the shape function in the reference configuration D ξ = ∂ϕ ξ /∂ x 0 . Then, the following expression is proposed
where c * and c * * are tensors yet to be determined. This expression can be shown to conserve the properties of the final rotation scheme and of the radial return mapping scheme [7] .
Verification of conservation laws
The conservation of the linear momentum (6) is directly reached using the properties of the shape functions
The conservation of the angular momentum (7) is a consequence of the symmetry of the Cauchy stress tensor [7] .
Since no potential can be defined for a hypoelastic material model we define a loading-unloading cycle, from configuration 1 to 3, where the initial Cauchy stress tensor corresponds to the final Cauchy stress tensor for any rotation Q
During the loading phase from configuration 1 to 2, plastic deformations occur. During the unloading phase from configuration 2 to 3, there is no subsequent plastic deformation. Then Eq. (9) is consistent with Drucker's Postulate if the reversible work of the first step is recovered during the second step. Therefore, the energy balance between configurations 1 and 3 can be expressed as
1 be the elastic natural strain tensor defined such that
Then we define U el 2 1 a symmetric tensor such that
The elastic and plastic Green-Lagrange strain tensor (GL 
Therefore, since the tensors c * and c * * can be taken equal to zero when no plastic deformation occurs [7] , we can rewrite Eq. (11) as [7] :
If D int is the analytical expression of the volumic dissipation during transformation from configuration 1 to 3, the following expression of the tensors
which is consistent with the energy conservation laws [7] . Moreover, the magnitude of the tensors c * and c * * is of second order in the increment of the plastic deformation [7] and thus can be omitted if the time step size is small enough. 
Numerical example
Results obtained with the conservative algorithm (EMCA) are compared with the results obtained with the Newmark algorithm (NMK) (first Newmark parameter β equal to 0.25 and second Newmark parameter γ equal to 0.5).
Taylor's bar problem
This example was first simulated with a conservative algorithm for a hyperelastic Saint Venant-Kirchhoff material by Meng and Laursen [4] . It consists in a cylindrical bar (Table 1), discretized by 576 elements. It has an initial velocitẏ x 0 . The time step size is equal to 0.1 µs. Fig. 1 represents the evolution of the total energy (since no potential exists the total energy is the work of the internal and of the inertial forces, internal dissipation included). Fig. 2 represents the evolution of the internal dissipation. The final plastic strains Table 1 Properties of the Taylor bar problem are illustrated in Fig. 3 . Results obtained with both schemes are similar. The Newmark scheme requires 1951 iterations and is 2.5% more expensive than the conservative scheme (1904 iterations).
Conclusions
A new expression of the internal forces for a hypoelastic material was presented. When used with the mid-point scheme, this expression leads to a energy-momentum conservative scheme. Moreover, the internal dissipation, resulting from the plastic deformation is consistent with the laws of thermodynamic. The solution obtained with this conservative scheme was compared with the results obtained with the Newmark scheme for the Taylor bar impact, leading to similar results. Note that the EMCA is expected to show an improved performance for larger time steps, when the second order terms gain importance, but this is part of a future work.
